Microscopic observations on a kinetic Ising model®
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We comment on the practical realization and physical relevance of a kinetic Ising model which
has played an important role during the last decade as a guide for real experiments and for the
development of theory. We stress the possibility of performing microscopic observations during
the computer evolution of the model system. This is illustrated by discussing the observed
behavior of some general concepts of physics such as energy, specific heat, and metastable states.

L INTRODUCTION

The simulation of thie behavior of a model system on a
computer has become a widely used tool when analyzing
physical processes. This is particularly true within the
realm of phase transitions and other cooperative phenome-
na where a model with relative mathematical simplicity
may capture the details (dimensionality, symmetries, etc.)
which are essential to the behavior of a real system. The
model can thus provide a simple and economical test of
theory: any theory claiming to describe a given process in
real physical systems should also be able to describe in a
quantitative way what happens in a well-constructed mod-
el system. It then follows that the computer simulation of
the behavior of a model system may represent in some cases
an actual alternative to real experiments with the extra ad-
vantage that one may suppress any competitive effects
which would obscure the process of interest in a real sys-
tem. Even more important, the model, because of its flexi-
bility, can be used very often to identify the important
physical steps in the process which need to be built into a
good theory.

There is a large number of examples in the recent litera-
ture about the efficient use of computer simulations as an
aid or as an alternative to real experiments.' The computer
analysis of Ising-like models,™ for instance, has proved
very useful to our understanding of a great variety of phe-
nomena, in part because it allows the neglect when neces-
sary of gravity or hydrodynamic effects, lattice strains, gra-
dients and many other difficulties (like a precise control of
temperature or other external parameters). which fre-
quently beset experimentalists. This results in a drastic
simplification of the observed phenomena, and sometimes
it leads to the development of theory.

One of the most exciting facts about computer simula-
tions, intimately related with the above features, is the pos-
sibility of performing direct microscopic observations on
the behavior of a model system. These, which are impossi-
ble or very difficult in practice when dealing with a real
system, may generally allow an easier understanding of the
meaning and properties of familiar physical concepts. This
paper tries to illustrate that fact with special reference to
the concepts of energy, specific heat and metastable states.
To this end we performed a series of Monte Carlo (MC)
simulations of the kinetics of the simplest “ferromagnetic”
Ising model with a conserved order parameter, a situation
which is physically relevant to the study of binary alloys
segregrating into two phases after quenching, to the con-
demnsation phenomena in a sudderily cooled vapor, etc. Our
simulations here refer to quenches into states at the coexis-
tence curve or very close to it in the two-phase region of the
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phase diagram so that it was possible to follow the evolu-
tion until the system had practically reached equilibrium
or a quasistationary state. This is a rare situation in practice
for a “large” Ising model with conserved order parameter
because the evolution is drastically slowed down when
phase separation sets in due to the necessary diffusion of
the order-parameter magnitude throughout the lattice. In
this way, we are able to analyze with detail the nature and
properties of the equilibrium state as compared to that of
other stationary or quasistationary conditions. The equi-
librium energy is computed and compared with series ex-
pansions. We also study the fluctuations of the energy with
time which, in the equilibrium state, are simply related to
the specific heat. This allows one to determine whether the
model has reached the actual equilibrium state. It aiso al-
lows orie to reveal the existence of metastable states in the
Ising model with short-ranged interactions and to describe
their nature from a microscopic point of view.

We also discuss the practical realization of the simula-
tions reported here (so that they can be reproduced in a
classroom experiment showing explicitly the meaning of
some general physical concepts) and would be willing to
supply any interested reader with a sample FORTRAN code
producing energy values and actual configurations during
the temporal evolution of a two-dimensional Ising model
using a personal computer. The code refers to the two-
dimeénsional model because it is simpler and needs less
computational time for a given size (due to periodic bound-
ary conditions, etc.) and also because the exact solution is
known in that case* so that one may compare and evaluate
the validity of the Monte Carlo result, study the influence
of finite size effects, etc.

II. THE MODEL SYSTEM
A. Ising Hamiltonian

The familiar Ising problem? considers a regular lattice
with spin variables n; capable of two values, + 1 (“spin
up”) and — 1 (“spin down”), attached to the vertices r;
(i = 1,2, -+ ,N) of the lattice. This gives 2" possible config-
urations {n;} which are assumed to have configurational
(interaction) energies

H{n;}= —Jz’n,.nj —hyn, J>0. )]
i i

The first sum here is over nearest-neighbor sites, J repre-
sents the strength of the corresponding interaction and 4 is
an external field coupled to the variables. The model is then
appropriate for simulating the equilibrium properties of
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some hypothetical, oversimplified ferromagnetic- materi-
als.

According to standard statistical mechanics,* one may
obtain the equilibrium properties of the system by calculat-
ing the partition function:

Z = Tr exp( — BH), (2)

where B = 1/k T is the usual inverse temperature. Ther-
mal averages of any quantity b({n;}) are then given by

(b) =-;—Tr[b({n,-})eXP( —BH)]. 3)

Most equilibrium properties are nowadays very well
known from exact computations or approximate meth-
ods.*

The Hamiltonian (1) may also constitute a model for a
gas, e.g., to describe condensation phenomena.? To this end
n; = + 1 is interpreted as the lattice site i being occupied
or unoccupied by a particle, respectively, (2 = 0). It can
also model the equilibrium properties of some binary (48)
alloys such as Al-Zn which present equilibrium states of
phase segregration.®’ In this case the N lattice sites are
assumed to be occupied by either an 4 particle (n;, = + 1)
or a B particle (n, = —1).

B. Kinetics of the model

A model based on the Hamiltonian (1) has proved very
useful® when studying the processes of phase segregation
(nucleation, spinodal decomposition, coarsening, etc.)
which occur in many alloys following an instantaneous
cooling from the melt into the miscibility gap. Since there is
no time during the quench for any process of spatial segre-
gation to take place the system finds itself, immediately
after the quench, in a homogeneous nonequilibrium state.
The system then evolves toward the equilibrium state at the
final temperature. This is characterized by the coexistence
of two phases with different compositions: an A-rich phase
which may present itself as a collection of clusters or drop-
lets made of the minority 4-particles with some “impuri-
ties” (B-particles) and a B-rich (or 4-poor) background.

The model as defined in Sec. II A, however, does not
have any dynamics of its own. Of course, one may think of
kinetic energy terms to be added to the Hamiltonian (1).
These would also depend on {#; } and thus provide a time
evolution of the configuration, but they are mostly un-
known or too complicated to be considered explicitly.

Instead one may realize that an alloy system after the
quench is usually in a solid phase which makes atomic mi-
gration difficult. The thermal vibrations of the lattice or
phonons, nevertheless, can supply the energy necessary for
an evolution of the configurational part of the system.
Since the {n, } evolve on a much slower time scale than the
lattice vibrations do, one may treat the latter as a heat bath.
This, in equilibrium at the temperature 7" to which the sys-
tem was quenched, induces random exchanges between
neighboring atoms which drive {n; } toward equilibrium at
the temperature 7.

The isomorphism suggested in Sec. II A between mag-
nets, lattice gases and binary alloys* cannot be maintained

in principle when considering kinetic models. One should
notice for instance that the existence of a phonon heat bath,
which is distinct to lowest order from the spatial composi-
tion of the system, makes the binary alloy problem in some
ways conceptually simpler than the condensation of liquid
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droplets in a supersaturated vapor where the thermal mo-
tion of the atoms cannot be separated from changes in the
spatial density.

In order to include the above facts explicitly into a kinet-
ic model, one considers a Gibbs ensemble of the systems so
far described and denotes P(x) the fraction of systems with
the configuration x={n,}. Then, when the ensemble is in
equilibrium at temperature 7 one has

P (x)=Z 'exp[ —BH(x)], h=0. (4)

Since memory effects are only important on the time scale
of the lattice vibrations, one may ignore them as far as the
evolution of the {#; } is concerned. This is then described®
in terms of a Markovian master equation (or rate equa-

tion),
iP_((;,_t) = — P(x,t)EW(x—»x’) + EW(x'—»x)P(x’,t).

(3)

Here W(x-x') gives the probability that the system
makes a transition from a (microscopic) state x to a new
state x'. The transitions considered in practice permit only
the interchange of some n; with a neighboring #,. This en-
sures that the “magnetization” 7 and the density p (frac-

tion of the minority 4 particles), where
R=N"! 3] = o1 (6)

stay constant during the evolution (note that this condition
would not be appropriate for a magnet).

The determination of the transition probabilities
W(x—-x") from basic principles is in general a difficult
matter. It is clear that the condition of detailed balance,

W(x—x")exp[ — BH(x)] = (Wx'—>x)exp[ — FH(x')]
(7

is sufficient, although not necessary, to ensure that the
equilibrium distribution (4) is a stationary solution of the
master equation (5). Of course, condition (7) does not
specify W(x—x') uniquely but, assuming that this should
only depend on 8H, the increase of energy brought about
by the proposed interchange, (7) leads to

W(x-x') =aexp(—F5H /2)/(5H), (8a)

where f is an even function. We shall consider here the
choice

J(SH) = [2cosh(BSH /2)] . (8b)

The coefficient @ ~ !, assumed to be independent of x and x’,
is taken to determine the unit of time and treated as a tem-
perature-independent quantity. In comparisons with ex-
periments on real materials, & will certainly need to be tak-
en material and temperature dependent since the strength
of the phonon heat bath decreases with temperature.’

ITL. DETAILS OF THE SIMULATION

To carry out the computer simulation one chooses a giv-
en lattice and a system size N and, using Monte Carlo
methods,' explicitly performs the Markov process de-
scribed by Egs. (5) and (8).

The size N is dictated by a competition between the de-
sire to make the system as large as possible, so that it imi-
tates a macroscopic system, and practical computational
considerations. The actual computer experiments we refer
to in this paper correspond to a simple cubic lattice with
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N =27 000 or 125 000 sites. In addition, periodic (toroi-
dal) boundary conditions are used in order to avoid edge
effects due to free surfaces. Nevertheless, one has to worry
about possible finite size effects.’>!3

When dealing with one-phase equilibrium states, finite
size effects become important if the linear dimension of the
system has the same order of magnitude as the correlation
length for fluctuations. This, however, is not so dramatic in
computer simulations because one has to avoid then in
practice a temperature region of a few per cent around the
critical point 7, where “critical slowing down” effects
would make necessary very large amounts of computing
time. When studying the kinetics of phase separation, finite
size problems may occur even far from 7, due to the inter-
face between the two phases. The relative magnitude of this
contribution to the energy of the final state is of the same
order as the inverse linear dimension d, N~ /¢, of the sys-
tem. Although the coefficient of the N~/ term can be
quite large, one may correct the results from these interface
effects; see Refs. 1 and 9 for more details.

A further effect related to the finite size of the system is
the statistical inaccuracy; e.g., one expects statistical fluc-
tuations in the energy of the system whose relative order of
magnitude is N ~!/2, so that very small values of N should
be avoided.

A series of Monte Carlo computations on the present
model system™”-' seem to indicate that one obtains in prac-
tice reasonably accurate estimates of the thermal equilibri-
um properties of infinite systems with the sizes we are con-
sidering here; e.g., the relative accuracy is known to be
better than 1% in the case of the energy. We shall come
again to this point later on.

The first step in the simulation is to generate a starting
configuration x, of the system. If the initial temperature is
very high (7; - o), as in the cases considered here, one
selects a specified number pN of randomly chosen sites to
be occupied by A particles and the rest by B particles. This
will approximately simulate a state with uniform composi-
tion and no correlation between particles at different posi-
tions. To consider a finite initial temperature T;, one would
have to let the system evolve from the random starting
configuration until “thermal equilibrium” is reached at the
temperature 7. This previous evolution can be performed
using the ordinary, faster Glauber dynamics® where the dy-
namical process is a succession of spin flips (instead of spin
interchanges).

The configuration at T; is then used as a starting config-
uration for the Kawasaki dynamics described in Sec. II B.
This starts selecting at random a pair of nearest-neighbor
particles to be considered for an interchange. The energy
change (i.e., number of unlike nearest-neighbor pairs)
which would cause that interchange is calculated. This
change depends only on the configuration of the ten sites
surrounding the selected pair. Then one computes the tran-
sition probability W from Eq. (8) witha~! = 1, and Wis
compared to a random fraction R (“pseudorandom num-
ber””) that is chosen each time with uniform probability
over the interval (0,1). If W>R the interchange is per-
formed, otherwise the old configuration is retained and the
process (try) is repeated by selecting a new pair of nearest
neighbor particles. In this way a stochastic evolution is
simulated in which the number of tries per lattice site is the
natural unit of time.

Note that a very large sequence of random numbers R is
needed here, namely to generate the initial configuration
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X, to pick the atoms to be considered in each time step and
to decide whether or not they have to be interchanged.
Typically, the period of the required (pseudo-)random
number generator is larger than 108, a condition which is
not fulfilled by some standard algorithms in most comput-
ers. This point should be carefully checked before perform-
ing a simulation and, when necessary, an appropriate ran-
dom number generator has to be incorporated into the
main program; see, for instance, Refs. 1 and 21 for more
specific details.

As the system approaches the equilibrium state, it be-
comes more unlikely that a pair of nearest neighbors select-
ed at random will be different, that is, more tries are neces-
sary in order to perform an interchange. Thus, after a
relatively rapid early evolution it is necessary to use a large
amount of computer time, especially at low temperatures,
to proceed further in the simulation. This problem can be
largely avoided when studying long time effects by select-
ing only neighboring sites with different particles and by
making an a priori classification of the particles according
to their probability of interchange; the time variable is then
computed in a stochastic way."°

1V. ENERGY

The configurational energy of the system, Eq. (1) with
h = 0, can also be written as

H= _J(NAA +NBB _NAB)! (9)
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Fig. 1. Time evolution of a “microscopic” measure of the configurational
energy of the system, #(x, ) as defined in Sec. IV, in the case of the system
relaxation at (a) P, (p =0.015, T=0.6 T,) and (b) P, (p=0.125,
T=0.9 T,) both on the coexistence line. The approximate time #, at
which u(x, ) shows Gaussian fluctuations around the stationary value #
increases with temperature (note, however, a different time scale in the
graphs). Moreover, the fluctuations are not yet stabilized during the ex-
periment at P,; see Fig. 2.
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where N,,, Npg, and N,; represent, respectively, the
number of nearest-neighbor pairs 4A-4, B-B, and A-B in
the system. These satisfy

Ny + Ngg + Nyp =%N, (10)

where ¢ is the lattice coordination number; ¢ = 6 in the
case considered here. It then follows from Eq. (9):

H=JNQ2u—3), (11)

so that u=N /N, the number of 4-B bonds per lattice
site, is a natural measure of the system energy and will
hereafter be called energy.

For a random starting configuration (7; = « ) one has
approximately in our finite system

(N =u (T; = 0 )=q(1 —p)p. (12)

Here p is the density of the minority species, say 4 [see Eq.
(6)].

The change of u, (T') with time during the system evolu-
tion gives some idea about the rate of the phase segregra-
tion processes in the system. We thus recorded u#(x, ), the
number of A-B bonds in the configuration x, obtained by
the procedure in Sec. I1I at the time step . This presents the
typical relaxation shown by Fig. 1. That is, the microscopic
measure of the energy u(x, ), shows up a fluctuating behav-
ior rarely observed in a real experiment. These fluctuations
are not a consequence of “experimental errors” but the
expected canonical fluctuations in a system where the tem-
perature is fixed by means of an efficient contact with a heat
bath, the phonon heat bath described in Sec. II B which is
incorporated into the model system through the use of the
transition probabilities (8).

The temporal evolution of the energy can be compared
directly with some theoretical predictions.” To this end,
however, u(x,) is not in principle the relevant quantity
because it represents the value of the energy in only one
member of the hypothetical ensemble. Instead one is inter-
ested in the expected value of the energy at time # as defined
by

u, =2P(x,t)u(x). (13)

This is obtained in practice by taking the average over the
ensemble with the initial state x, distributed according to
the probability P(x,,0). That is, one has to take the average
of u(x,) over “many” independent evolutions of the model
system. One expects, however, that for functions which are
extensive, like the energy, the number of independent runs
needed should decrease with increasing system size be-
cause it then decreases the probability that a starting con-
figuration not be a “typical” one: for a macroscopic size
system almost every run should produce the same results.
We have confirmed a posteriori that eight runs when
N = 27000 or one run when N = 125 000 are a good ap-
proximation to “many runs” in the above sense.

One should also notice that #(x, ) was only recorded in
practice at suitable time steps. Typically we let the system
undergo 50 000 or 150 000 actual exchanges (depending
on the value of the system size N) between two successive
measurements because of economic reasons and also in or-
der to avoid correlations.

V. SPECIFIC HEAT

The energy fluctuations in Fig. 1 contain indeed very
useful physical information about the system. We shall give
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two examples of this fact. Namely they can be used as a
criterion to decide whether or not the system has reached
its equilibrium state, and they are very closely related to the
value of the specific heat, an important property of the
equilibrium state.

The observation of the graphs in Fig. 1 seems in principle
to suggest that every system considered here is in equilibri-
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Fig. 2. Histograms corresponding to the experimental energy distribution
p(u) obtained from the stationary part of the system evolution at (a) P,
(p=0015T=06T,), (b) P, (p=0061, T=08 T,), and (c) P,
(p=0.125,T= 0.9 T, ). The solid curve is the Gaussian Eq. (15) corre-
sponding to the mean and deviation measured experimentally.
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